An angular effective mass formalism previously introduced is used to study the density of states in warped and non-warped energy bands. Band warping may or may not increase the densityof-states effective mass. Band "corrugation," referring to energy dispersions that deviate "more severely" from being twice-differentiable at isolated critical points, may also vary independently of density-of-states effective masses and band warping parameters. We demonstrate these effects and the superiority of an angular effective mass treatment for valence band energy dispersions in cubic materials. We also provide some two-dimensional physical and mathematical examples that may be relevant to studies of band warping in heterostructures and surfaces. These examples may also be useful in clarifying the interplay between possible band warping and band non-parabolicity for non-degenerate conduction band minima in thermoelectric materials of corresponding interest.
I. INTRODUCTION
Effective mass approximations have been central to analyze and understand band structures of materials near critical points in the Brillouin zone (BZ) and their major physical consequences. However, some basic formulae of that formalism have been misused for energy band dispersions that are not twice-differentiable. This has been further confused with band non-parabolicity effects in Taylor expansions. In a previous paper, 1 a more rigorous theory for dealing with a broad class of energy band dispersions has been developed. Here we advance that theory by applying its formalism to properly determine the density of states (DOS) and the DOS effective mass. The development of this formalism is necessary for energy dispersions at critical points that are "warped," hence, conventional formulae involving second-order differentials are invalid.
We begin by reviewing in Sec. II basic results of our previous treatment. In Sec. III we derive general expressions for the DOS and the DOS effective mass. We recover standard results for twice-differentiable ellipsoidal and hyperbolic energy dispersions in Sec. IV. Then we move on to study warped energy bands that are not twice-differentiable. In Sec. V we apply our results to typical degenerate valence bands in cubic materials. Considerable differences emerge between our proper evaluations of the DOS effective masses and those reported in original papers. [2] [3] [4] [5] We discuss those differences in Sec. VI and Sec. VII. Subsequently, we focus on two-dimensional physical and mathematical models where the distinction between effects of band warping or "corrugation" and band non-parabolicity can be analytically demonstrated (Sec. VIII). Some features of those examples may be useful in clarifying the interplay between possible band warping and band non-parabolicity in non-degenerate conduction bands of materials that exhibit remarkable thermoelectric properties.
6-12 Finally, we draw some conclusions and propose further inquiries in Sec. IX.
II. ANGULAR DEPENDENT ENERGY DISPERSION
We have previously considered 1 energy dispersions around a point k 0 in a crystal BZ in the form of E(k r , θ, φ) = E 0 + k r a 1 (θ, φ) + k 2 r a 2 (θ, φ) + k Here, k r = |k − k 0 | is the radial distance between a generic point at k in the BZ and the point of expansion at k 0 . The latter may be any point of special interest in the BZ, or a "critical point," where the energy expansion has a null first-order differential. 13, 14 The polar angles θ and φ refer to the polar spherical coordinates of k − k 0 .
It is essential to appreciate that Eq.
(1) provides a much more general dispersion relation than commonly considered functions that admit multi-dimensional Taylor series expansions in Cartesian coordinates. That is so because Eq. (1) requires only the existence of a onedimensional Taylor series expansion in each radial direction across k 0 . This is a much more limited requirement that can be reasonably expected of any physical band structure that allows one-dimensional transport of quasi-particles in any direction.
1 Besides ordinary quadratic bands, Eq. (1) thus includes "warped bands," which are not twice-differentiable at isolated points, by definition. Typical examples of warped bands derive from original models of Dresselhaus et al. and Kane.
2,15
Mathematically, band warping must be unambiguously distinguished from band non-parabolicity. The latter derives from higher-order terms a m (θ, φ) with m > 2 in Eq. (1). Conversely, band warping depends exclusively on the shape of the a 2 (θ, φ) term, which provides a dimensionless angular effective mass surface in Rydberg atomic units.
1
For an ordinary quadratic band, associated with a second-order differential and its curvature, a 2 (θ, φ) assumes the form
(2) in a coordinate system of principal axes, with diagonal effective masses m x , m y , m z , while m e is the ordinary electron mass. Any other form of a 2 (θ, φ) corresponds to a warped band, which cannot be exclusively described in terms of diagonal effective masses.
One may formally derive expressions for the DOS corresponding to the general energy expansion in Eq. (1) . In this paper, we focus on explicit DOS expressions for band warping, although we generalize our considerations at least to one type of band non-parabolicity, namely that of an overall energy dispersion of the form E(k r , θ, φ) = R(k r )f (θ, φ), where R(k r ) is a monotonically increasing function and all a i (θ, φ) = f (θ, φ). In this paper, we do not further consider any linear term in the energy expansion, thus assuming a null first-order differential at a "critical point." 1, 13, 14 
III. CALCULATIONS OF DOS
In a crystal, the single-band DOS at energy E, within dE, is basically defined as
where g s is a possible spin degeneracy, V is the volume of the direct-lattice primitive cell, and E(k) represents a single energy band in the BZ over which the d 3 k integration is performed. The integral may be evaluated after performing a transformation to (E, θ, φ) coordinates. The delta function can thus be handled by reducing the integral to the surface having given energy E inside the BZ.
13,14,16
A. The DOS of Warped and Non-Warped Bands Approaching a critical point k 0 in the BZ, let us ignore band non-parabolicity effects for the moment and consider an energy dispersion (without any linear term) in the form
In Eq. (4) we imply a partition of the unit (θ, φ) sphere S 2 in a region R + where f (θ, φ) > 0 and a region R − where f (θ, φ) < 0, so that R + ∪ R − = S 2 . This definition of f (θ, φ) must refer to a single band, which may or may not be degenerate with other bands at k 0 . Typically, though not necessarily, 6-8 non-degenerate bands at k 0 are not warped, corresponding to analytic maxima, minima, or saddle points. Conversely, degenerate bands are commonly warped.
1,2,15
For optical transitions, the joint density of states (JDOS) can be similarly considered.
13,14 Both conduction and valence bands can be expressed as individual terms having the form of Eq. (4) . For the JDOS we may then define a joint F (θ, φ) as the sum of the corresponding two (absorbing and emitting) f -contributions. The same formalism that we develop in this paper for the DOS thus essentially applies to the JDOS as well.
In order to proceed with the integrations in Eq. (3), we may first scale the Cartesian coordinates by letting k
. The energy dispersion thus becomes
We may then introduce a new variable
In polar coordinates we have
Accordingly, we may perform a change of variables to spherical coordinates (k ′ r , θ, φ), where k ′ r is defined implicitly through Eq. (5) . Notice that regions of positive E ′ (E > E 0 ) correspond to R + and regions of negative E ′ (E < E 0 ) correspond to R − , so that all variables in Eq. (7) are real.
The Jacobian for this transformation is
(8) With the change of variables to (E ′ , θ, φ), the DOS integral thus becomes
Now, if surface integrals over the unit sphere converge, we may split those integrals over regions of positive and negative f (θ, φ), so that the energy integration immediately yields
where we have defined
However, integration over the angular variables may not formally converge, as in the ideal case of a saddle point dispersion extending to infinity. 13 That is a theoretical extrapolation, however, because the BZ is actually finite, and so must be any band structure within it. Introduction of an energy-dependent cutoff parameter may thus be required, which should further take into account the onset of any significant band non-parabolicity. In any such case, the energy integration must be taken last, since C ± also become functions of energy. However, the presence of the delta function can still make this last integration over energy relatively straightforward. We provide an example of that in Sec. IV B.
B. Generalization to Monotonically Non-Parabolic Bands
We can readily extend the preceding formalism to energy dispersions of the form
is any monotonically increasing function of k ′ r . The corresponding coordinate transformations then become
The inverse function R −1 of R must exist and it has been introduced in Eq. (12) . The DOS thus becomes
Equation (9) may now be regarded as a special case of Eq. (13), where
The energy integral may still be relatively straightforward to perform in Eq. (13) on account of the delta function.
C. Two-dimensional DOS
For further illustration, let us consider the twodimensional evaluation of the DOS, according to the expression
Close to a critical point k 0 in the BZ, and ignoring band non-parabolicity, the two-dimensional energy dispersion becomes
where f (θ) is now a function of a single angular variable. The Jacobian of the transformation is simply
and the DOS thus becomes
Again, we must integrate over regions of positive and negative f (θ) separately. Namely, the interval (0, 2π) must be split into R + and R − regions, where f (θ) is either positive or negative, respectively. Assuming that corresponding θ-integrals converge, this yields
where
IV. TWICE-DIFFERENTIABLE THREE-DIMENSIONAL ENERGY DISPERSIONS A. Ellipsoidal Energy Dispersions
Let us begin by considering the basic case of an ellipsoidal energy dispersion of the form
where all three principal masses m x , m y , and m z have the same sign. In a four-dimensional space where E(k x , k y , k z ) refers to the fourth dimension, that provides a paraboloid with a minimum (maximum) if all three masses are positive (negative). For positive masses, we may rescale the corresponding coordinates as k
. The DOS is then expressed as
r , and f (θ, φ) = 1. Integration is straightforward, yielding
We thus recover the well-known result
In the special case where all masses equal a single effective mass, m x = m y = m z = m * , corresponding to a spherical energy dispersion, we have
Comparing Equations (23) and (24), the DOS effective mass is ususally defined as m * = (m x m y m z ) 1/3 .
If all three masses are initially negative, essentially equivalent results can be obtained for the DOS by switching the signs of all three masses to positive, while correspondingly switching the signs of all energies to negative in the preceding equations, starting with Eq. (20) .
B. Hyperbolic Energy Dispersions
A hyperbolic energy dispersion still has the form of Eq. (20), but some of the masses have opposite signs. For the sake of simplicity, although without any major loss of generality, let us posit that m x = m y = −m z = m e in Eq. (20) . In that case, the angular effective mass surface f (θ, φ) in Eq. (2) and Eq. (4), and its corresponding R ± regions, are
As expected for an endless hyperbolic dispersion, the surface integrals do not converge and a 'spherical' cutoff radius R c must be introduced. 13 In turn, this introduces an energy-angle relation at R c , namely
, where ǫ represents the angular increment from π 4 corresponding to the intersection of the sphere of radius R c and the hyperboloid of constant E ′ . Now the surface integrals based on Eq. (11) can be formally performed, yielding
We may thus perform in Eq. (9) the energy-dependent angular surface integrals over θ and φ of C ± and complete the energy integration via the delta function, thus obtaining
This agrees with the form of the DOS around an M 1 saddle point, as derived on p. 157 of Ref. 13 , for example.
Beyond any such treatment, which is limited to twicedifferentiable energy dispersions, we must now proceed to apply our angular effective mass formalism to more general calculations of the DOS in complex situations of warped energy bands.
V. THE DOS EFFECTIVE MASS FOR WARPED ENERGY BANDS

A. The DOS Effective Mass
Since the form of Eq. (4) is designed to capture a bandwarped energy dispersion at a critical point in the BZ, we may still use the expression in Eq. (24) to define the DOS effective mass for a warped energy band minimum, or its straightforward modification for an energy band maximum. Comparing Eq. (10) with Eq. (24), and recalling the definitions of the numerical factors given in Eq. (11), we may generally define the DOS effective mass as
B. A Band Warping Parameter
There are multiple ways of introducing parameters that provide some measures of band warping. However, no single parameter can be expected to account entirely for the full angular complexity of f (θ, φ). We have previously introduced one measure of band warping by defining a parameter
For the sake of illustration, let us return to a twodimensional energy dispersion as in Eq. (15), namely, E = 2 k 2 2me f (θ), and let us further assume that f (θ) is positive everywhere. Then we have
This definition of the band warping parameter, w, essentially measures the coefficient of variation of the sum of the eigenvalues of the Hessian matrix H(θ) formally obtained in each Cartesian coordinate system rotated by an angle θ. A twice-differentiable, i.e., a non-warped surface cannot have any variation of its quadratic form eigenvalues. Hence, that must have w = 0. However, the converse is not necessarily true. Namely, having w = 0 is not sufficient to conclude that the energy dispersion is twice-differentiable. The same considerations also apply to f (θ) surfaces with positive and negative values in different regions of S 2 , as indicated in §III A.
C. The DOS Effective Masses for the Kittel Form
As a basic illustration of our results, let us calculate the DOS effective masses for the heavy-hole (hh) and lighthole (lh) bands described by what we may dub the "Kittel form," originally derived in a ground-breaking paper, 2 as
Expressing that according to our Eq. (4), we obtain exactly
In both expressions, the upper positive (lower negative) sign refers to the heavy (light) hole band dispersion. We use again Rydberg atomic units, where 2 /2m e = 1. Although we may not be able to express it in a closed analytic form, each DOS effective mass for the Kittel form can be evaluated numerically using Eq. (11) and Eq. (29). Let us further factorize the B parameter in front of the energy dispersion of the Kittel form or its angular effective mass surface. Contour plots of the corresponding DOS heavy-hole effective mass, m hh , as functions of a = A/|B| and c = C/|B|, are shown in blue in Fig. 1 . Numerical values of m hh are given in units of m e B. Notice that f (θ, φ) becomes imaginary for some values of θ and φ if c exceeds a c max given by
Contours of constant m hh thus appear to accumulate along a corresponding curve. It is not clear whether any m hh may be attained for values of a and c approaching Eq. (34) from below. We may also compute the band warping parameter, w, for the heavy-hole band of the Kittel form, based on the analog of Eq. (30) to three-dimensional energy dispersions. Contour plots of constant w are shown in red in Fig. 1 . Notice that, moving along curves of constant w, the DOS heavy-hole effective mass m hh increases with increasing a. Alternatively, moving along curves of constant m hh , the band warping parameter w increases with increasing c. Thus, perhaps surprisingly, a larger value of w does not necessarily imply either a larger or a smaller value of m hh , since that depends on the values of a and c parameters; and conversely.
Our results for the angular version of the DOS effective mass are in fact consistent with those of an original paper by Lax and Mavroides, 3 if one identifies their g(θ, φ) with the precise angular effective mass surface f (θ, φ) introduced in Ref. 1 and used in this context.
VI. EFFECTS OF BAND WARPING ON THE DOS AND THE DOS EFFECTIVE MASSES
Given the somewhat unexpected results that we have obtained for the Kittel form, it is natural to question what effects or relations may generally exist between band warping and the DOS effective masses. For example, if we consider energy dispersions with angular contributions giving rise to finite C ± in Eq. (11), then the only effect that band warping can have on the DOS is to modify that numerical factor in front of the squareroot energy dependence in Eq. (10) . Additional insight about the integrated contribution of f (θ, φ) in Eq. (11) may be gained by using methods similar to that of a stationary phase, that is, by looking for particular directions that may predominantly contribute to the overall DOS effective mass. In any case, it is clear that the DOS can be increased by increasing the effective mass given by Eq. (29) in Eq. (10) .
For the Kittel form, our w parameter may also be used to indicate how far from spherical is the angular effective mass surface f (θ, φ). For example, in the plane (a, c) of Fig. 1, if we climb vertically along the positive c axis from some point, e.g. (− √ 312501, 0), w increases. 22 Let us then compute the error between an approximate DOS effective mass, derived from the least-squares fit of the f (θ, φ) surface to a sphere, and the correct DOS effective mass, calculated from Eq. (11) . That error is plotted in Fig. 2 . As expected, when c = 0, the relative error (
) is zero, because the angular effective mass surface is actually spherical. However, as c and w increase, the relative error ( |value−exact| exact ) increases up to almost 100%! Thus, at least for the Kittel form, we may say that w provides some indication of how far is the energy dispersion from being twice-differentiable .
FIG. 2:
Relative error versus band warping parameter, w, for the Kittel form. For specificity, we start at a point (− √ 312501 ≈ −559, 0) in Fig. 1 , and then we increase c vertically. Evidently, the relative error of the DOS effective mass, derived from the least-squares fit of the angular effective mass surface to a spherical surface, increases monotonically with w.
VII. RELATIONS TO THE LAX-MAVROIDES AND LAWAETZ DOS EFFECTIVE MASSES
Lax and Mavroides
3 originally proposed the correct idea of an angular effective mass, but they immediately contaminated it with questionable expansions meant to fit the Kittel form specifically. Their Eq. (8) and those at the beginning of their Sec. IIIA correspond to our Equations (11) and (29), in defining the DOS effective mass. However, not only is our treatment much more general than theirs, but it also applies more appropriately to the Kittel form, based on Eq. (33).
Our treatment of the DOS effective masses is also much more rigorous and clearer than that of Lawaetz.
5 Using our generally correct expressions and integrating them numerically for the same values of parameters reported by Lawaetz for various materials, there are significant differences between our appropriate DOS effective masses and those artificially produced by Lawaetz. We show that in Table I , where we have used the following relations between the A, B, and C parameters of the Kittel form and the γ 1 , γ 2 , and γ 3 parameters introduced by Luttinger, Table  I , as compared to our correct values, computed from Eq. (11) and Eq. (29) and reported in column 6 of Table I, versus the band warping parameter w.
our warping parameter w for that band in various materials. That error is partly the result of inconsistent series expansions and truncations in procedures elaborated by Lax, Mavroides and Lawaetz.
3-5 Roughly, the larger is warping or w, the greater is the discrepancy between Lawaetz's estimate and our precise determination of the DOS effective mass. That error can be quantitatively as large as 28%. More importantly, the original lack of a precise definition and treatment of warped bands has been responsible for a lack of consistency among many subsequent papers and ad hoc estimates of the DOS effective masses.
To illustrate more subtle effects of band warping on the DOS, we shall further consider some two-dimensional cases where we can quantitatively control parameters that provide different measures of band warping, namely, either the w parameter that we have already introduced, or an alternative band warping parameter to which we may refer more generally as band "corrugation." As
Equivalently, by setting θ = π/2 in Eq. (33), and then relabeling the azimuthal angle φ with the two-dimensional polar angle θ, we obtain exactly
Angular effective mass planar contours of f (θ) are shown in Fig. 4 for a given value of a and four increasing values of the c parameter.
In this two-dimensional case, the band warping parameter, w, and the DOS effective mass, m * , can be expressed analytically, for any c < c max , as
In Eq. (38), E(m), K(m), and Π(n, m) denote the complete elliptic integral, the complete elliptic integral of the first kind, and the complete elliptic integral of the third kind, respectively, and m = sin 2 α and n are their standard arguments.
Contours of constant DOS heavy-hole effective mass m hh and contours of constant absolute value of warping parameter w for this two-dimensional Kittel form are qualitatively similar to those of the full three-dimensional Kittel form, which was shown in Fig. 1 . In two dimensions w attains a maximum magnitude whenever a and c approach the limit of c max . In two dimensions, that is
We did not investigate a corresponding effect in the full Kittel form but we expect similar results. As a second example, we consider the two-dimensional energy dispersion
Unless b = 0, this function is not twice-differentiable at the origin exclusively, as an isolated point. In Fig. 5 , its angular effective mass f (θ) is plotted for a = 1 and four increasing values of b. Since the integral in Eq. (19) involves |f −1 (θ)|, we can indefinitely decrease m * in Eq. (29) by letting a become as small as we need. On the other hand, for any given value of a, we expect substantial contributions to m * from diagonal directions, along which |f (θ)| becomes increasingly smaller with increasing b values approaching 1 − . In fact, analytic derivations yield
where m * = C + /π. So, the band warping parameter, w, and the DOS effective mass, m * , are independent of each other, since only m * depends on a, as expected. This behavior may have not been anticipated, but of course we constructed this illustration for that purpose. Let us now provide a more complex example where w steadily increases with what we may dub band "corrugation," whereas m * at first decreases, but then increases with that "corrugation." Consider an energy dispersion of the form
Again, unless n = 1, this function is not twicedifferentiable at the origin exclusively, as an isolated point. In Fig. 6 we show plots of its angular effective mass f (θ) for n = 1, 2, 3, and 4. The impression conveyed by Fig. 6 is that the energy dispersion ought to deviate more and more from being twice-differentiable with increasing n. We are thus led to regard n as a separate parameter, independent of w, that may provide an alternative, albeit qualitative, measure of band warping. So, we associate with n a name and a notion of band "corrugation," although that can hardly provide or lead to any more rigorous or general definition. In any case, the basic idea of "corrugation" is that it increases with increasing number of radial "valleys." One may thus expect that the DOS effective mass also increases correspondingly. Although that is often the case, it may not always be so, as we demonstrate with this example. In fact, we could provide many more examples where the DOS effective mass increase or decrease with, or remains independent of, "corrugation."
In this example, we can still derive analytic expressions for the band warping parameter, w, and the DOS effective mass, m * . However, those expressions are fairly elaborate and we omit them for the sake of conciseness. Suffice it to say that w increases monotonically with n, whereas m * at first decreases with n, but then it reaches a minimum, after which m * increases monotonically with n. Corresponding plots of w and m * are shown in Fig. 7 . This example thus demonstrates that w and m * do not necessarily correlate with each other, nor with the notion of band "corrugation." We have already demonstrated that the warping parameter w may not necessarily increase or correlate with an increasing DOS effective mass m * . In fact, looking back at Fig. 1 , we can easily draw parametrized curves where w decreases while m * increases. We can also draw curves in Fig. 1 where w stays constant while m * either increases or decreases.
Let us then provide a conclusive two-dimensional example that has w = 0, although the energy dispersion is not twice-differentiable, and m * still decreases at first, and then increases with increasing corrugation or n. Consider the energy dispersion E = 2 k 2 2me f (θ) = 2 k 2 2me ((n 2 − 10n + 30) (2 + cos 2(2n − 1)θ)), whose angular effective mass f (θ) is plotted in Fig. 8 for n = 1, 2, 3, and 4. We can prove that the band warping parameter is w = 0, independently of corrugation or n, but the DOS effective mass m * at first increases with corrugation, then it reaches a maximum at n = 3, and subsequently decreases monotonically for all n > 3. This example demonstrates in particular that a function that is not twice-differentiable can still have w = 0. This prompts us to introduce in an Appendix a more refined definition of a band warping parameter W that captures at least that type of non-differentiability. The W alternative to w is more elaborate but possibly more helpful in identifying energy dispersions that are not twicedifferentiable. However, since second-order differentiability is inherently based on multi-dimensional limits, there can be no single parameter whose vanishing is sufficient to guarantee that any particular energy dispersion is certainly twice-differentiable at a point.
IX. CONCLUSIONS
We have applied the angular effective mass formalism introduced in Ref. 1 to study the density of states in warped and non-warped energy bands at critical points in the Brillouin zone. First we have verified ordinary results for ellipsoidal and hyperbolic energy dispersions. Then we have generalized the expression of the DOS to account for general band warping and monotonically increasing non-parabolic energy dispersions. Band warping may or may not increase the DOS effective mass. An intuitive notion of greater band "corrugation," referring to energy dispersions that deviate "more severely" from being twice-differentiable at an isolated critical point, may also vary independently of the corresponding DOS effective mass and band warping parameter. We have demonstrated these effects through investigation of valence band energy dispersions in cubic materials, showing the superiority of the angular effective mass treatment of the DOS effective masses compared to that of original papers.
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We have further considered certain two-dimensional physical and mathematical examples that may be relevant to studies of band warping in heterostructures [18] [19] [20] and surfaces 21 . These examples may also be useful in clarifying the interplay between possible band warping and band non-parabolicity for non-degenerate conduction band minima in thermoelectric materials of corresponding interest. [6] [7] [8] 
